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Jmapt  Formation  hy  Cryttalline  Media.  By  H.  F.  Dawes, 
Profeuor  of  Phynei,  McAfaHer  University,  Toronto, 
Canada  •. 

IN  1877  Stokes  t  discussed  the  qnestion  of  the  position  of 
the  imaee  (the  "apparent  depth"  of  an  object-point) 
doe  to  the  refraction  of  light  from  a  crystal  to  air  through  a 
cleavage-plane  or  other  plane  refracting  cnrface.  This  paper 
was  written  with  the  object  of  derelopinga  method  of  testing 
crystals  by  applying  the  then  recently  discovered  microscope 
method  of  determining  the  index  of  refraction,  and  was 
tested  out  for  a  great  many  specimens  by  Sorby  j. 

Stokes's  investigation  does  not  seem  to  have  been  very 
generally  folic  «d  up  or  applied  from  an  optical  point  of 
view,  although  the  results  are  particularly  interesting  in  the 
sttidy  of  the  optical  properties  of  crystals.  In  fact,  the 
onl^  record  of  the  application  of  the  principles  developed 
which  I  have  been  able  to  find  is  in  Clay's  admirable 
collection  of  Experiments  in  Light.  Independent  of  these 
sources,  however,  the  writer  developed  in  1908  a  simple 
laboratory  experiment  of  the  type  under  consideration  for 
nsw  in  his  laboratory  classes  at  the  Physical  Laboratory  of 
the  University  of  Toronto.  In  addition  to  the  phenomena 
considered  by  Stokes  there  are  further  casen  of  image 
formation  which  are  interesting  and  important,  and  the 
writer  proposes  to  consider  «  rtain  of  these. 

•  Communicated  by  Professor  J.  C.  McLennan,  F.R.S. 
t  G.  O.  Stokes,  Proc.  Roy.  Soc.  xxvi.  p.  386  (1877). 
X  Sorby,  ibid.  p.  884.  r         \        j. 
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The  ordinary  light  in  uniaxial  crystals  is  propagated  in 
precisely  the  same  way  as  in  ordinary  isotropic  snbstanoes, 
BO  that  the  laws  fur  iinage-furmution  by  this  light  are  well 
known  and  need  no  further  discussion.  It  is  the  extra- 
ordinary images  in  these  crystals  and  both  images  in  biaxials 
which  tollow  more  complex  laws, — due  to  the  more  compli- 
cated shu|>e  of  the  wave>f ront  and  the  fact  that  the  rays  are 
not  necessarily  at  right  angles  to  the  waves.  In  investi. 
gating  the  laws  for  the  image-formation  in  such  cases,  there- 
fore, it  is  necessary  to  take  into  account  the  oarvatures  of 
the  incident  wave  as  well  as  the  nature  of  the  refracting 
surface  and  the  change  of  velocity  on  refraction.  The  image 
is  in  general  astigmatic,  so  that  the  investigation  involves 
the  determination  of  the  positions  and  directions  of  two 
focal  lines. 

As  an  example  of  the  method  which  must  be  employed, 
consider  the  formation  of  the  image  of  a  point-source  within 
a  uniaxial  crystal  by  the  extraordinary  light  refracted  into 
air  through  a  plane  surface  which  is  normal  to  the  optio 
axis  of  the  crystal.  Such  an  image  is  intended  to  be  seen 
by  the  eye  or  a  low-power  microscope,  so  that  the  pencil  of 
lays  coming  from  object  or  image-point  is  of  small  angular 
aperture.  Fo>-  i...:  reason  the  standard  approximations  of 
the  "  first  irder  "  discussion  of  image-formation  are  justified 
and  will  be  assumed  without  comment.  The  procedure  here 
followed  is  not  the  same  as  that  of  Stokes,  although  it 
amounts  to  the  same  thing  in  the  end. 

As  is  well  known  *,  this  extraordinary  wave  in  a  uniaxial 
crystal  travels  out  from  a  point-source  in  the  form  of  a 
spheroid  whose  axis  of  revolution  is  the  optic  axis  of  the 
crystal.  The  following  are  geometrical  and  optical  properties 
of  such  a  wave-front. 

Tlie  principal  indices  of  refraction  are  Wj  equal  to  V/a, 
and  rij  ecjual  to  V/c,  (1),  where  V  is  the  velocity  of  light  in 
air  (or  vacuum),  a  is  the  velocity  of  the  extraordinary  wave 
along  the  axis,  and  c  its  velocity  at  right  angles  to  the  axis  ; 
a  is  also  the  velocity  of  the  ordinary  wave. 

If  a  wave  has  travelled  a  distance  x  along  the  axis  it  has 
also  travelled  a  distance  1/  at  right  angles  to  the  axisr'  such 
that  yiBcrja,  (2),  so  that  the  semi-axes  of  the  wave- surface 

*  Drude,  'Theory  of  Optica,'  Properties  of  Transparent  Crystals, 
from  (66)  setting  6  equal  to  c.    Further  relations  are  quoted  or  are 
f'         id  very  directly  from  results  in  the  «anie  chapter;  they  will  be 
.  red  to  by  the  number  of  the  equation  wl  ch  represents  them. 
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are  jr,  v,  y.    Th«  radios  of  oarrstare  of  tb«  tpheroid  in  anj 
normal  sMtion  at  its  pole  it 

r-y»/.  -.«»«/  '-n.Vm'.  (3). 

The  diagram!  are  dr^''  .  to  correspond  to  a  crjstal  of 
principal  indicea  n|s4/3  and  n^mi.  The  trace  of  tho  wave 
IS  shown  at  incidence  and  jaat  after  refraction;  r.so  the 
circle  of  carratnre  of  the  elliptic  wave  is  shown  in  certain 
caiet.  The  traces  for  actnal  wave-positions  an;  iudicate<i  hj 
continnons  lines  and  for  "  Tirtnal  *'  wave-positions  by  dotted 
lines. 

For  the  example  under  consideration  the  source  of  light  P 
lies  within  the  crjstal  at  a  distance  p  from  the  refracting 
snrface  at  M  (fig.  1).    The  ordinary  waves  form  an  image 

Fig.  1. 


at  a  distance  q  from  M  such  that  d/^  is  equal  to  wj,  (4),  as 
in  ordinary  isotropic  substances.  The  extraordinary  waves 
also  form  an  image,  but  it  is  not  situated  at  Q,  although  the 
two  sets  of  waves  travel  with  the  same  velocity  along  PM. 
(This  is  contrary  to  the  statement  usually  made  in  discussions 
of  this  subject,  viz.,  that  only  one  image  is  seen  on  looking 
along  the  axis  into  a  crystal.  It  is  true  that  the  eye  seems 
to  see  only  one  image,  but  this  is  because  the  one  image  is 
vertically  beneath  tue  other  and  the  dej ' '";  of  focus  of  the 
eye  is  very  great  compared  with  the  distance  between  the 
images.     The  presence  of  the  two  images  may,  however,  be 
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readily  demonstrated  by  means  of  a  microscope  ;  f  ••  example, 
in  the  case  of  calcspar  it  is  necessary  to  move  the  microscope 
along  its  axis  a  distance  of  about  one-seventh  of  the  depth 
of  the  object-point  in  the  crystal  in  order  to  change  the  focus 
from  the  one  image  to  the  other.) 

The  iiormation  of  this  second  image  arises  from  the  fact 
that  although  the  waves  have  equal  velocities  along  the  axis 
they  have  not  the  same  curvatures,  and  the  position  of  the 
iniajie  is  determined  not  only  by  the  change  of  velocity  on 
relraction  but  also  by  the  change  of  curvature.  Since  the 
wave  has  travelled  a  distance  p  along  the  axis,  the  radius  of 
curvature  of  the  wave-front  is  c^pja^  as  it  reaches  the 
refracting  surface,  by  (3).  Now,  when  refraction  takes 
place  at  a  plane  retracting  surface,  the  ratio  of  the  curvatures 
of  the  incident  and  refracted  waves  is  equal  to  the  ratio  of 
the  velocities  of  light  in  the  two  media.  Hence  the  radius 
of  curvature  of  the  wave  as  it  enters  the  air  is  given  by 


=  nrr .  1.  e, 


V 


a—  — ^-  • 


of 


s 

c^pja* 

and  since  the  image  in  air  is  situated  at  the  centre 
curvature  S  of  the  waves  coming  from  it,  the  distance  s  must 
be  the  required  distance  from  the  refracting  surface  to  the 
image.  In  the  diagram,  P'M  is  the  incident  wave,  R'M  its 
circle  of  curvature,  and  S'M  the  refracted  wave. 

These  results  may  be  used  to  measure  the  principal  extra- 
ordinary index  of  the  crystal  by  the  microscope  method. 
Thus,  s\p  which  is  equal  to  c^jdW  is  also  equal  to  w,/»j*,  (5), 
by  (1).  The  image  is  therefore  at  the  same  depth  as  it 
would  be  in  a  substance  of  index  n,*/Mi,  and  the  value  of  wg 
is  given  by 

n,a=4*   or  ^,  by  (4). 

The  values  of  p,  y,  and  s  will  then  be  found  by  focussing 
the  microscope  in  turn  on  P,  Q,  and  S,  and  finally  on  M. 

No  one  appears  to  have  called  attention  to  the  fact  that 
the  two  images  cannot  be  distinguished  from  one  another  by 
the  usual  polarization  test  if  the  eye  or  microscope  is  placed 
symmetrically  over  the  axis  of  the  crystal  through  the 
source.  For",  in  the  wave-front  of  the  extraordinary  pencil 
the  vibration  directions  radiate  out  equally  in  all  directions 
from  the  axis,  so  that  an  analyser  will  transmit  the  same 
amount  of  light  in  all  azimuths  and  the  source  will  appear  to 
be  of  the  same  brightness  for  all  positions  of  the  analyser. 
Ou  the  other  hand,  in  the  wave-front  of  the  ordinary  pencil 
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the  vibrations  are  uniformly  transversal  about  the  axis  as 
centre,  and  therefore  the  image  formed  by  this  pencil  will 
also  seem  of  constant  brightness  as  the  analyser  is  rotated. 
If,  however,  there  is  any  departure  from  the  symmetry  of 
the  position  of  the  eye,  the  brightness  of  the  images  will 
change  as  the  analyser  is  rotated,  so  that  the  images  may  be 
distinguished.  Even  in  this  case  there  is  no  position  or  the 
analyser  which  will  produce  complete  extinction  of  either 
image. 

Image  Formation  nNDEB  other  Types  of 

OlRCUMSTANOES. 

1.  Image  of  a  point  in  air  hy  light  refracted  into  a  uniaxial 
crystal  through  a  plane  interface  normal  to  the  optic  axis. — 
The  position  of  the  ini.»ge  in  this  case  m:;y  be  determined  by 
a  process  similar  to  the  above.     Thus,  lu  fig.  2,  with  the 


R 


-r- 
R 


source  at  P,  the  curvature  of  the  wave  P'M  before  refraction 
is  1//) ;  after  refraction  it  will  be  a/Vjp.  But  after  refraction 
the  wave  will  proceed  as  part  of  a  spheroid  R'M  whose 
principal  curvature  has  this  value,  the  rays  radiating  from 
the  centre  R  of  the  spheroid.  Since  the  required  image  is 
at  the  point  from  which  the  light  thus  radiates,  its  position 
is  this  centre  and  its  distance  from  the  refracting  surface  is 
the  corresponding  semi-axis  of  the  spheroid.  In  accordance 
with  (3)  this  distance  is 

or,  in  terms  of  the  indices,  n^'pfni.    This  distance  also  is 
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the  same  as  if  the  light  were  being  refracted  into  a  snbstance 
of  index  n^jrii. 

2.  Image  formed  hy  direct  refraction  through,  a  plane 
parallel  plate  of  uniaanal  crystal  of  thickness  t,  the  faces  being 
normal  to  the  axis. — The  light  is  refracted  into  the  crystal  in 
accordance  with  the  law  developed  in  the  preceding  section, 
and  is  refracted  cat  according  to  that  of  the  first  example 
considered.  Thns,  if  the  source  of  light  is  at  P  in  fig.  2  at 
the  distance  p  from  the  first  surface  M,  the  virtual  source  of 
the  refracted  pencil  is  It  at  the  distance  n^pfn^  from  that 
surface  (as  in  Section  1)  and  consequently  at  the  distance 
t  +  nj^pjni  from  N  at  the  second  surface  ol  tlie  plate.  The 
image  formed  by  the  second  refraction  is  therefore  by  (5) 
situated  at  S  at  the  distance  p  +  tn^jn^  from  N. 

The  distance  from  the  final  image  to  the  original  source  is 
t(l— jii/nj*),  (7),  so  that  the  image  is  "drawn  up"  toward 
the  observer  by  this  amount,  which  is  the  same  as  for  an 
isotropic  plate  of  index  n^jn^  and  is  independent  of  the 
distance  of  the  source. 

3.  Image  formed  hy  direct  refraction  from  one  uniaxial 
crystal  to  another  through  a  plane  surface  of  separation  which  is 
normal  to  the  axis  of  each  crystal. — The  set  of  waves  forming 
the  image  is  extraordinary  in  both  crystals,  since  the  plane 
of  incidence  and  refraction  is  a  principal  section  in  each. 

One  may  deduce  the  law  for  the  image  position  in  this 
case  from  the  laws  developed  for  refraction  from  air  to 
crj'stal  and  from  crystal  to  air.  Suppose  for  the  moment 
that  the  two  crystals  are  separated  by  a  plane  parallel  air- 
space of  thickness  t,  and  that  the  light  is  refracted  from 
crystal  1  into  this  air-space  and  then  into  crystal  2.  Accord- 
ing to  (5)  the  image  formed  by  the  first  refraction  is  situated 
at  the  distance  n/p/wg'*  from  the  first  refracting  surface,  and 
therefore  (<  +  ni'/>/nj'*)  from  the  second.  Since  this  image 
forms  the  source  with  reference  to  the  second  surface,  it 
follows  by  (6)  that  the  distance  of  the  final  image  from  this 

surface  is  (t  +  ni'/>/"8'*)"2"7"i"* 

Now  the  direction  of  the  final  part  of  any  of  the  rays 
forming  this  image  is  independent  of  the  thickness  of  the 
air-space,  and  is  therefore  the  same  as  if  the  thickness  were 
indefinitely  diminished,  t.  e.,  as  if  the  crystals  were  in  optical 
contact.  Hence  the  required  image  position,  which  is  deter- 
mined by  the  direction  of  the  rays  for  optical  contact,  is  the 
limiting  position  of  the  above  image  when  the  value  of  t  is 
reduced  to  zero.  Its  distance  from  the  sarface  of  coQtc.t 
will  therefore  be 
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As  in  other  cases  considered,  this  distance  is  just  the  same  ns 
if  the  light  were  refracted  from  a  substance  of  absolute 
refractive  index  nj'^/ni'  to  one  of  index  n^'^jni". 

4.  Image  formed  by  direct  refraction  through  a  series  of 
plane  parallel  plates  of  uniaxial  crystal  all  having  optic  axes 
in  the  eommon  normal  to  the  surfaces. — The  extraordinary 
wave  in  the  first  crystal  will  be  extraordinary  in  all  successive 
plates  and  the  ordinary  will  remain  ordinary,  so  that  only 
two  images  will  be  formed  at  each  stage. 

By  the  argument  of  Section  3  the  image-position  at  each 
stage  and  therefore  the  final  image-position  will  be  the  same 
as  if  the  light  were  refracted  into  and  out  of  a  thin  air-film 
of  negligible  thickness  separating  each  pair  of  plates.  By 
(7)  the  image  is  "drawn  up"  toward  the  observer  a  distance 
<(1— ni/7i2*),  on  account  of  refraction  through  any  plate  of 
thickness  t  and  indices  n^  and  v^,  and  this  "  drawing  up  " 
process  will  be  repeated  for  each  plate  of  the  series.  Hence 
the  image  will  be  nearer  to  the  observer  than  the  original 
sonrce  by  the  sum  of  all  such  quantities  as  <(1— nj/wj*). 
The  case  of  some  plates  being  isotropic  is  of  course  included 
in  this,  the  corresponding  displacement  terms  being  obtained 
by  setting  Wj  equal  to  n^. 

5.  Image-formation  by  "■direct  refraction"  through  a  lens 
of  uniaxial  crystal  with  optic  axis  lying  along  the  geometrical 
axis. — Recall  that  for  refraction  from  a  medium  of  index  n 
to  one  of  index  n"  through  a  surface  of  curvature  1/r,  the 
object  and  image  distances  are  related  by  the  law 

«"      ».' 

---  =  A-,{8), 
V       u        ' 

where  k  is  the  dioptric  power  of  the  surface  and  is  equal  to 
{n''—n')/r,  (9).  Note  that  this  is  fundamentally  a  relation 
between  the  curvature  1/u  of  the  incident  wave  and  the 
curvature  1/v  of  the  refracted  wave. 

In  the  case  under  consideration,  the  light-wave  P'M  from 
a  point  P  on  the  axis  (fig.  3)  is  incident  on  the  first 
surface  M ;  is  refracted  as  a  spheroidal  wave  R'M  whose 
centre  of  curvature  is  a  certain  point  Q  and  centre  of  radiation 
the  centre  of  the  spheroid  R  ;  is  incident  on  the  second 
surface  N  as  a  wave  with  centre  of  curvature  at  a  point  S  : 
is  finally  refracted  into  air  as  a  homocentric  pencil  of 
centre  T.    T  is  the  required  image-point. 

Since  the  light  travels  along  the  axis  of  the  crystal  with 
the  velocity  corresponding  to  the  index  nj,  the  powers  of  the 
first  and  second  surfaces  will  be  A' and  ^",  equal  to  (ni— l)/r' 
and  (1— wi)/*""*  by  (9).    In  accordance  with  (3) 

RMsnj*  .  QM/ni»  and  RN  =  n,»  .  SN/nj*,  (10). 
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Draw  the  ray  PABC  whose  snccessive  directions  make 
the  angles  «,  /8,  7  with  the  axis;  the  line  QA  makes  the 
angle  h  with  the  axis.  These  angles,  much  exaggerated  in 
the  diagram,  are  sufficiently  small  to  admit  of  the  ordinary 
approximations  of  the  standard  "  first  order  "  discussions  of 
the  principles  of  image-foriuation. 

Fig.  3. 


The  line  SB  is  parallel  to  QA.  For  the  time  required  to 
travel  from  any  one  wave-position  to  any  other  is  the  same 
for  all  rays  ;  and  for  any  given  ray  this  time  is  proportional 
to  the  distance  between  the  waves.  Hence,  since  A  lies  on 
the  wave-front  R'M  from  R  aad  B  lies  on  the  corresponding 
wave-front  through  N,  it  follows  that  RA  :  RB  ::  RM  :  RN. 
But  QA  :  SB  in  this  same  ratio  by  (10),  so  that  the  triangles 
RQA  and  RSB  are  similar. 

The  distances  from  A  and  B  to  the  axis  are 

y=PM  .  «=QM  .  5=RM  .  /8, 

and  /  =  RN  .  )9=SN  .  S=TN  .  7,  (11)  ; 

and,  in  view  of  these  values,  standard  relations  for  the  first 
and  second  refra.'lIon8  may  be  written  from  (8)  as  follows  : 

ni5-«=Ay,    (12), 

and  7-ni8=ii:'y',  (13). 

The  problem  now  resolves  itself  into  the  elimination  of 
the  quantities  which  are  involved  in  the  use  of  particular 
rays  and  of  the  intermediate  image  formed  within  the  medium 
of  the  lens.    Qy  this  process  the  law  for  the  image-position 
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is  determined  in  terms  of  the  optical  constants  o£  the  system 
and  the  position  of  the  object.  The  method  corresponds  to 
the  standard  one  of  dealing  with  a  thick  lens.     Thus  : 

ff-a=k'y'  +  k!'y",  by  addition,  from  (12,  13), 

=A:y+A'y  +  A"</9,by(ll), 

=ife'y'  +  *'y  +  A"<n,»S/n,» 

+  ife"<ni«/7jj»,  by  (12). 
Hence 

y/a=rK  .  PM  +  (l  +  *"<ni/«,»),  (U), 
where  K  is  the  power  of  the  system  and  is  equal  to 
*'+i"  +  A'ife"<ni/ni*,(15). 
Bimilarly, 

«/7=-K .  TN  +  (l  +  AWn»'),  (16). 

(14)  and  (16)  state  the  fundamental  general  law  for  the 
image-position  by  expressing  the  distances  from  the  refracting 
surfaces  to  object  and  image  in  terms  of  the  mtio  7/«,  which 
may  be  considered  an  arbitrary  parameter.  These  formulae 
are  similar  to  the  standard  formulte  for  a  lens  of  isotropic 
substance*,  the  modification  consisting  essentially  in  that 
the  distance  travelled  within  the  crystal  is  divid  A  by  ni'jni, 
corresponding  to  division  by  the  index  in  ordinary  lenses. 
The  positions  of  the  cardinal  points  of  the  lens  and  the  lens 
formulae  of  standard  type  may  therefore  be  written  down  on 
this  basis. 

In  addition  to  the  image  system  formed  by  the  light 
which  traverses  the  lens  as  the  extraordinary  wave-front, 
there  is  an  image  system  produced  by  the  ordinary  wave- 
front,  and  although  the  light  traverses  the  lens  in  the 
neighbourhood  of  the  optic  axis  the  two  image-systems  are 
not  coincident.  The  fundamental  formulae  corresponding  to 
(14,  16,  15)  are  for  this  system, 

7/«=K',  PM  +  (l  +  ^''</ni).      (17), 

«/7=-K'  .  •l'N  +  (l+ifc'</ni),  (18), 

where  K'  the  power  of  the  lens  is 

k'  +  k"  +  k'l^'t/ni,  (19). 

Tt  will  be  seen  thaf.  the  difference  in  the  two  sets  of 
formulae  lies  in  the  terms  which  involve  the  thickness  of  the 
lens,  so  that  the  two  images  of  an  object  coincide  when  and 

*  S«6  Hermann,  <  Geometrical  Optics,'  p.  67. 
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only  when  the  thickness  is  negligible.  In  consequence  of 
this  it  will  not  be  possible  witn  thick  lenses  of  crystal  to 
focns  sharply  either  on  a  photographic  plate  or  in  the  focal 
plane  of  an  eyepiece.  Tno  two  most  important  cases  in 
which  this  reav  affect  the  eflSciency  of  the  lens  are  in  its  use 
as  objective  o!  telescope  or  collimator.  In  these  cases  it  is 
the  separation  of  the  one  set  of  principal  foci  which  is 
important.  This  separation  may  be  estimated  as  follows  :~ 
The  distances  from  the  lens  to  the  second  principal  foci 
are  determined  by  setting  the  arbitrary  parameter  equal  to 
zero  in  (16)  and  (18),  giving 

0=-K  .  FN  +  (H-/f<nj/n,»), 

0=-K'.  F'N +  (!  +  *'</«), 
from  which  the  distance  between  the  foci  is  equal  to 

it'»<(n,»-n,')/n,«7iiKK'. 

In  a  quartz  lens  of  say  about  20  cm.  focal  length  and 
surfaces  of  equal  curvature,  this  amounts  to  about  '001  of 
the  thickness,  and  in  a  calcite  lens  of  the  same  power  to 
about  '037  of  the  thickness.  The  separation  is  thus  un- 
important in  quartz  lenses  of  less  than  about  '5  cm.  thickness 
except  for  the  highest  magnilications. 

This  separation  of  the  second  principal  foci  disappears 
when  the  first  surfuce  of  the  lens  is  plane,  so  that  plane 
waves  are  unchanged  in  shape  until  the  second  surface  is 
passed,  but  in  this  case  the  separation  of  the  first  principal 
foci  is  proportionately  greater  on  account  of  the  fact  that  the 
whole  of  the  dioptric  power  is  produced  at  the  one  surface. 
Similar  considerations  would  show  that  the  separation  of  the 
first  principal  foci  would  be  zero  for  a  lens  with  the  second 
surface  plane.  The  fact  of  double  refraction  requires, 
therefore,  that  the  objectives  of  collimator  and  telescope  be 
plano-convex  and  that  the  lenses  be  placed  with  plane 
faces  out. 

6.  Image-formation  hy  direct  refraction  hy  uniaxial  crystals 
cut  so  that  the  optic  axis  is  at  right  angles  to  the  geometrical 
axis  of  the  refracting  system. — For  such  examples  of  refraction 
of  the  extraordinary  wave,  the  part  of  the  spheroid  presented 
to  the  refracting  surface  lies  in  the  neighbourhood  of  zero 
latitude.  The  curvatures  in  normal  sections  in  this  part  of 
the  wave-front  are  unequal,  so  that  on  refraction  by  a 
symmetrical  system  an  astigmatic  image  will  be  formed. 
Since  the  principal  curvatures  lie  in  and  at  right  angles  to 
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the  plane  of  the  meridian,  the  focal  lines,  which  are  deter- 
mined by  these  curvatures,  will  be  at  right  angles  to  and 
parallel  to  the  axis  of  revolution,  and  hence  at  right  angles 
to  and  parallel  to  the  optic  axis  of  the  crystal.  Thus  in 
fig.  4,  which  represents  the  extraordinary  wave  from  a 

Fig.  4. 


point  P,  the  optic  axis  of  the  crystal  is  parallel  to  the  «.axis 
and  the  geometrical  axis  of  the  refracting  system  lies  along 
the  c-axis.  The  wave  travels  with  the  velocity  a  along  the 
optic  axis  and  with  the  velocity  c  at  right  angles  to  it,  so 
that  the  section  by  the  ry-p)ane  is  the  equatorial  circle  and 
that  by  the  ?;c-plane  the  meridional  ellipse.  The  focal  line 
corresponding  to  the  former  section  is  parallel  to  the  x-axis 
and  intersects  the  2-axis  at  the  image-point,  as  determined 
for  a  spherical  wave  of  the  same  curvature  travelling  with 
the  same  velocity  in  an  isotropic  substance.  Similarly,  the 
focal  line  corresponding  to  the  meridional  section  is  parallel 
to  the  ^-axis,  and  its  point  of  intersection  with  the  z-axis  is 
the  same  as  if  this  wave  were  spheroidal  about  this  line  as 
axis  of  revolution.  The  position  of  this  point  of  intersection 
will  therefore  be  determined  in  accordance  with  the  principles 
which  we  have  been  considering  in  previous  sections  ;  the 
necessary  modification  of  the  formulse  will  consist  simply  in 
interchanging  the  indices  ni  and  tij,  since  the  velocities  a 
and  e  are  now  interchanged  with  reference  to  the  incident 
wave-front. 


. 
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Keeping  these  observations  in  mind,  the  following  con- 
olnnions  may  be  easily  deduced  : — 

(!)•  For  an  ohjert-point  within  a  crystal  at  a  dittanee  p 
from  a  plane  refracting  surface. 

Distance  from  surface  to  : 

(a)  focal  line  parallel  to  axis  .     .     .  p/n^ ; 

(b)  focal  line  at  right  angles  to  axis,  pn^n^  ; 

(c)  ordinary  image pln\. 

(2)  For  a  lens  of  crystal. 

The  powers  of  the  first  and  second  surfaces  and  of  the  lens 
as  a  whole  are  : — 

(a)  for  pencils  of  ordinary  light : 


*,= 


(/')  for  focal  lines  parallel  to  the  optic  axis  of  the  crystal, 


as  governed  by  the  circular  section  of  the  wavensurface  ; 


(c)  for  focal  lines  at  right  angles  to  optic  axis,  governed 
by  elliptic  section  of  wave-front : 

r 


*,"=' 


fto       ^" 


K"=*r  4 -t,"  +  ifei"*,"Wn,». 


Knowing  the  values  of  the  powers  for  these  cases,  the 
positions  of  the  sets  of  cardinal  points  of  the  lens  and  the 
formulae  relating  object  to  image  positions  may  be  written 
down  in  accordance  with  the  standard  formulae  for  these 
quantities, — it  was  shown  in  the  discussion  of  Section  5  that 
these  formulae  in  a  modified  form  apply  to  the  refraction  of 
the  elliptic  wave. 

It  will  be  seen  that  the  powers  of  the  individual  refracting 
surfaces  are  the  same  for  both  the  principal  sections  of  the 
wave-front.  The  powers  of  the  lens  as  a  whole  differ, 
however,  in  the  term  which  involves  the  thickness,  so  that 
the  amount  of  the  astigmatism  is  governed  by  the  thickness; 
if  the  thickness  is  negligible  the  focal  lines  degenerate  into 
a  point  and  the  emerging  pencil  remains  homocentric.  The 
powers  for  the  ordinary  and  extraordinary  waves  are,  how- 
ever,  essentially  ditierent  for  each  surface  and  for  the  lens 
as  a  whole.  There  are  therefore  always  two  image  series 
for  a  lens  of  crystal  cut  as  described  in  this  section. 

*  Included  in  Stokes's  discuasion. 
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Cryitalline  Componenti  in  a  Lent  St/Hem. 

Whenever  n  crystalline  component, — lena  or  plane-parallel 
plate,— which  produces  two  image  series  is  incorporated  into 
u  lens  system,  the  system  as  a  whole  will  of  coarse  produce 
two  series  of  images.  For  example,  for  a  doublet  consisting 
of  a  lens  of  crystal  of  powers  K'  and  K"  and  a  lens  of  slast 
of  power  K,  the  combination  will  have  the  powers  K  +  K 
and  K"-fK.  It  is  evident  that  the  relative  values  of  the 
powers  of  such  a  combination  may  be  made  almost  any- 
thing one  wishes  ;  one  of  the  values  may  even  be  made  zero 
by  choosing  the  glass  lens  of  power  equal  and  opposite  to  that 
of  the  selected  crystal  power.  In  this  case  the  other  power 
will  be  the  difference  K'  — K"  of  tho  powers  of  the  crystal 
lens. 

Again,  it  will  not  be  possible  to  produce  an  achromatic 
doublet  which  will  at  the  same  time  correct  the  chromatic 
aberration  of  both  powers  of  a  lens  of  crystal.  If  «',  «",  a, 
are  the  dispersions  for  the  ordinary  and  extraordinary  powers 
of  the  crystalline  lens  and  of  the  glass  lens  combined  with 
it,  and  K',  K",  K  the  corresponding  mean  powers,  the 
chromatic  aberrations  of  the  powers  of  the  combination  are 
«'K'+a«K,  and  «"K"  +  o.K. 

If  the  values  of  eo  and  K  are  so  chosen  that  one  of  these 
is  zero  in  accordance  with  the  ordinary  principles  of 
Oeometrical  Optics,  the  value  of  Ihe  other  will  be 

»"K"-»'K', 
and  this  will  not  likely  happen  to  be  zero.  In  the  case  of  a 
lens'of  Iceland  spar,  of  which  the  principal  indices  are  about 
1-66  and  1*49  and  the  dispersions  for  the  D-F  lines  -014 
and  "0088,  this  outstanding  chromatic  aberration  will  be 
—  •0051  (1/r— 1/«),  or  about  "02  of  the  power  of  the  com- 
bina  ion  if  the  glass  lens  has  the  index  1*62  and  the 
dispersion  '02. 

Summartf. 

Laws  for  the  image  position  are  developed  for  a  number 
of  typical  cases  of  image  formation  by  the  extraordinary 
rays  in  uniaxial  crystals. 

It  will  be  noticed  that  in  the  examples  of  light  travelling 
along  the  axis  of  the  crystal,  the  thickness  of  the  crystiU 
traversed  enters  into  the  expressions  for  image  position  as  if 
the  index  were  n,*/ni  as  compared  with  isotropic  substances; 
fii  and  n,  are  the  principal  indices  of  the  crystal.  This 
quantity  may  be  considered  a  sort  of  pseudo-index  applicable 
to  such  cases. 

It  is  shown  that  lenses  of  crystal  will  in  general  form  two 
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MriM  of  images  corresponding  to  the  two  sets  of  waves ; 
the  laws  for  the  image  series  dne  to  the  extraordinary 
\Tes  correspond  to  those  for  lens«8  of  isotropic  substance, 
and  the  expressions  are  foand  for  thn  dioptric  power.  The 
question  of  the  use  of  crystal  com|)onent8  in  lens  systems  is 
also  considered  briefly. 

PhTaiesl  Lsboratorjr, 
UniTersitv  of  Torouto, 
May  "2, 1916. 


